We study the Kakimizu complex of a split link. As part of this, we also study Seifert surfaces and the Kakimizu complex for a non-split link in a 3-ball. In addition, we show that a simplex of the Kakimizu complex of a non-split link can be realised in an essentially unique way.
Introduction
The Kakimizu complex of a link records the structure of the set of taut Seifert surfaces for the link. To date, research on Seifert surfaces and the Kakimizu complex has focused on non-split links. Perhaps the main reason for this is that the complement of a split link is reducible, and many 3-manifold techniques are best suited to working with irreducible manifolds.
Our intention here is to study the Kakimizu complex for split links. In order to do so, we must first understand Seifert surfaces in a link complement within a 3-ball, or equivalently in the complement of a point in S 3 , or in R 3 . While some of the results below are unsurprising, our aim is to give complete proofs.
Let L ⊂ S 3 be an oriented link, and set M = S 3 \ N (L). Let π : M → M be the infinite cyclic cover of M , corresponding to the kernel of the homomorphism lk : π 1 (M ) → Z given by linking number with L. Let τ : M → M be the generating covering transformation in the positive direction (that is, τ corresponds to an element of π 1 (M ) that has linking number 1 with L). Definition 1.1. A Seifert surface for L is a compact, oriented surface R ⊂ S 3 , with no closed components, such that ∂R = L as an oriented link. We study Seifert surfaces up to isotopy of S 3 keeping L fixed. The surface R can also be seen as properly embedded in M , considered up to ambient isotopy in M .
We say R is taut if it has maximal Euler characteristic among all Seifert surfaces for L. Note that two distinct taut Seifert surfaces that are adjacent can be made disjoint. The converse is true if all taut Seifert surfaces for L are connected, but does not necessarily hold if there are disconnected taut Seifert surfaces. This is why the definition uses lifts of M \ R rather than lifts of R. For succinctness, we will take 'a lift of a Seifert surface' to mean a connected lift. That is, we will say R is a lift of a taut Seifert surface R if there is a lift V of M \ R such that R lies between V and τ (V ). [3] , he also defined a second complex IS(L) that is constructed using incompressible Seifert surfaces for L rather than just taut ones. All the results in this paper also hold in this setting.
We will make use of the following definitions and results to understand isotopies of Seifert surfaces. ′ bound a product region if the following holds. There is a compact surface S T , a finite collection ρ T ⊆ ∂R of arcs and simple closed curves and a map of T = (S T × I)/∼ into M that is an embedding on the interior of T and has the following properties.
• S T × {0} = S ∩ T and S T × {1} = S ′ ∩ T .
• ∂T \ (S T × ∂I) ⊆ ∂M .
Here ∼ collapses {x} × I to a point for each x ∈ ρ T . The horizontal boundary of T is (S T × ∂I)/∼. Say S and S ′ have simplified intersection if they do not bound a product region.
Proposition 1.6 ([7] Corollary 3.2).
Suppose surfaces S 0 , S 1 bound a product region T = (S T × I)/∼. Let S ′ be an incompressible surface that is transverse to S 0 , S 1 . Suppose S ′ ∩ int(T ) = ∅ but S ′ ∩ (S 1 ∩ T ) = ∅. Then each component of S ′ ∩ int(T ) bounds a product region in T with a subsurface of S 0 . In particular, if additionally S ′ ∩ (S 0 ∩ T ) = ∅ then this component of S ′ is parallel to those of S 0 , S 1 that bound T . Theorem 1.7 ([6] Proposition 4.8; see also [7] Proposition 5.4 and Corollary 3.2). Let M ′ be an irreducible, ∂-irreducible Haken manifold. Let S, S ′ be incompressible, ∂-incompressible surfaces properly embedded in M ′ .
• If S and S ′ are isotopic then there is a product region between them in M ′ .
• Suppose S ∩ S ′ = ∅, but S can be isotoped to be disjoint from S ′ . Then there is a product region between S and S ′ in M ′ .
If S is an incompressible Seifert surface then it is ∂-incompressible. If M ′ is the complement of a non-split link other than the unknot, or the infinite cyclic cover of such a manifold, then M ′ is irreducible, ∂-irreducible and Haken. However, for much of this paper we will be working with manifolds that do not meet these hypotheses.
Corollary 1.8 ([1] Corollary 4.5).
Suppose L is not split and not fibred. Let R, R ′ be taut Seifert surfaces for L. If R, R ′ do not coincide but are isotopic by an isotopy fixing their boundaries then there is a product region T = (S T × I)/∼ between them with ρ T = ∂T . Corollary 1.9. Suppose L is not split and not fibred. Let R, R ′ be taut Seifert surfaces for L. If (R ∩ R ′ ) \ ∂R = ∅ but R ′ can be isotoped keeping its boundary fixed so that R and R ′ are ∂-almost disjoint then there is a product region T = (S T × I)/∼ between them with ρ T = ∂T .
Proof. Let R ′′ be a copy of R ′ , and isotope it keeping its boundary fixed so that R and R ′′ are ∂-almost disjoint. Keeping it ∂-almost disjoint from R, isotope R ′′ to minimise |R ′ ∩R ′′ |. By Corollary 1.8, there is a product region
gives an isotopy of R ′′ keeping its boundary fixed and disjoint from R that reduces
′′ , Proposition 1.6 tells us that each component of R ∩ T ′ bounds a product region in T ′ with R ′ . These product regions are partially ordered by inclusion. Let T be one such product region that is minimal in this order. Then T is as required.
In Section 2 we study the Kakimizu complex of a non-split link in R 3 . We will see that the vertices can be identified in terms of the Kakimizu complex of the link and the fundamental group of the link complement. We then describe when two vertices are adjacent. One result we obtain is as follows (see Definition 2.1).
In Section 3 we consider how to understand Seifert surfaces for a split link in terms of those for the components that make up the link. Describing the behaviour in this situation explicitly and in full generality does not appear straightforward. However, for the distant union of two non-split links we have the following more precise result.
In the appendix we prove some results we need in Section 2 about positioning surfaces representing the vertices of a simplex in MS(L). These give the following.
be the distinct vertices of a simplex of MS(L). Then R 0 , . . . , R n can be isotoped to be pairwise disjoint and tight. Furthermore, this position is unique up to ambient isotopy of R 0 ∪ · · · ∪ R n in M .
The material in the appendix is not used in Section 3, and in Section 2 it is only used in the proof of Theorem 2.40.
I began to consider this subject while visiting the University of California, Davis, supported by the Cecil King Travel Scholarship 2011. I wish to thank the London Mathematical Society and the Cecil King Foundation for their support, and UC Davis for their hospitality. I am also grateful to Jennifer Schultens for her interest in this project.
2 Seifert surfaces in R 
Identifying surfaces
Assume for the whole of this section that L is non-split. Fix a point p ∈ M , and let
We can define the Kakimizu complex of L in M p . 
This shows that i induces a simplicial map i * : MS p (L) → MS(L). In general, i * will not be injective. On the other hand, it is clearly surjective, as any Seifert surface in M can be made disjoint from p. We will write i * (R) for i * ([R]). Lemma 2.2. Suppose L is fibred (as an oriented link in S 3 ). Then i * is a bijection.
Proof. Let R be a taut Seifert surface for L. Since L is fibred, the closure of M \ R is of the form R × [0, 1]. Isotoping R from R × {0} to R × {1} will not in general preserve R pointwise but will preserve it setwise. Suppose that p lies on R × {1 − ε} for some small ε > 0. Then there is a copy R ′ of R that is isotopic to R in M p that coincides with R outside the 2ε-neighbourhood N (p) of p such that within this neighbourhood R and R ′ are as shown in Figure 1 . From this we see that any isotopy of R in M can be changed to an isotopy of R in M p . Hence i * is injective.
We now assume for the rest of this section that L is not fibred. In particular this means that L is not the unknot. Lemma 2.3. Let R, R ′ be Seifert surfaces for L that are isotopic in M by an isotopy keeping the boundary fixed. Suppose also that they are isotopic in M p . Then the isotopy in M p can be made to fix the boundary. Proof. Let R be a lift of R to M p . There is an isotopy of
As L is not fibred, this implies that m = 0. Definition 2.4. Given a directed simple closed curve ρ based at p, define a homeomorphism from M to itself by isotoping p once around ρ. Let φ ρ be the restriction of this homeomorphism to M p .
Here we want to think of ρ as a directed path with both its endpoints at p. We will drop the term 'directed'.
. Then there exists a simple closed curve ρ based at p such that
Proof. Let ρ be the path of p under the ambient isotopy of M taking i(R) to i(R ′ ). Since R and R ′ are disjoint from p and R ′ is non-separating, we may ensure that ρ has both its endpoints at p.
Fix a taut Seifert surface R for L, and a simple closed curve ρ based at p. Lemma 2.6. Changing ρ to another simple closed curve within its homotopy class relative to its endpoints does not change the isotopy class of φ ρ (R).
Proof. Suppose first that we isotope a point of ρ across R, creating a new component of ρ \ R that is contained within a small neighbourhood of a point of R. Up to isotopy, this does not alter the surface φ ρ (R), as can be seen from Figure 2 . From this we see that isotoping ρ relative to its endpoints does not change the isotopy class of φ ρ (R).
In fact, when isotoping ρ, we can pull the endpoints of ρ apart slightly, perform an isotopy, and then return the endpoints to the same point. Doing this will not change the resulting surface φ ρ (R). Knowing this, it follows that we may actually change ρ to any other simple loop in its homotopy class relative to its endpoints. To see this, note that we may put any such homotopy into general position, so that the homotopy is only not an isotopy at finitely many points, where a crossing change takes place. We can replace any crossing change by an isotopy that sends one section of the arc around the end of the arc.
We may therefore assume that ρ has been homotoped to minimise its intersection with R while keeping its endpoints fixed. Note that φ ρ (R) coincides with R outside a neighbourhood of the points of R ∩ ρ.
In the converse direction, we have the following.
Proof. Assume that φ ρ (R) is isotopic to R but ρ is not disjoint from R. Without loss of generality, assume that ρ first crosses R in the positive direction (the direction corresponding to τ ).
Let x be the point on R where ρ first meets it, and let σ be a path in R that is away from any other points of ρ, running from x to a point on ∂R. Push σ downwards off R, so that x now lies on ρ immediately before it reaches R, and the other end of σ still lies on ∂M . Isotope ρ so that it runs to x, runs along σ and back again, and then continues as before. This does not change ρ ∩ R. Let σ ′ be the part of ρ from where is meets ∂M . Then σ ′ is disjoint from φ ρ (R) but not from R.
By Lemma 2.3, we may isotope a copy R ′ of φ ρ (R) to R in M p keeping its boundary fixed. The ambient isotopy moves σ ′ , but keeps its endpoints fixed. After the isotopy, σ ′ is disjoint from R. This contradicts that ρ was chosen with ρ ∩ R minimal. Now assume that [φ ρ (R)] is distinct from [R] . That is, suppose that ρ is not (and cannot be homotoped to be) disjoint from R. Consider a second path
Lemma 2.10. Suppose φ ρ (R) and φ ρ ′ (R) are isotopic in M p . Then ρ ′ can be homotoped relative to its endpoints so that the following holds. The paths ρ and ρ ′ first meet R at the same point, after which they coincide. That is, there exists a simple closed curve σ based at p and disjoint from R such that
Proof. Let y be a point on ρ ′ just before it first meets R. As in the proof of Lemma 2.9, isotope ρ ′ so that it runs to y, then follows a path immediately below R \ (ρ ∪ ρ ′ ) to ∂M , returns along this path to y, and finally continues along its original path to p. Let σ y be the section of ρ ′ from where it meets ∂M . Then σ y is disjoint from φ ρ ′ (R).
Again Lemma 2.3 shows that the isotopy between φ ρ (R) and φ ρ ′ (R) can be made to fix the boundary. Take a copy R ρ ′ of φ ρ ′ (R), and isotope it to coincide with φ ρ (R), moving (the interior of) σ y as needed in the process. Then σ y is disjoint from φ ρ (R).
Let x 1 , . . . , x k be the points of ρ ∩ R, in order as measured along ρ. In a neighbourhood of x 1 there is a disc D 0 in R that is properly embedded in the complement of φ ρ (R). The boundary of this disc also bounds a disc
Choose an arc σ p in B p from p to D 1 that is disjoint from σ y except at p. The boundary of a regular neighbourhood of σ p in B p is a disc D 2 properly embedded in B p , and |D 2 ∩ σ y | = 1. By isotoping D 2 through B p to D 0 we can find an isotopy of σ y that reduces |D 0 ∩ σ y | to 1. We may then isotope σ y to coincide with ρ within B p .
Suppose that there is a point y 0 of σ y ∩ R that occurs earlier on σ y . We may assume y 0 is the first such point as measured along ρ ′ . Since σ y is disjoint from φ ρ (R), there is some i ≤ k such that y 0 lies in a neighbourhood of x i . We have already seen that i = 1. Therefore there is an annulus A in R, contained in a neighbourhood of x i , that is properly embedded in the complement of φ ρ (R) and contains y 0 . The two boundary components of A each bound a disc in φ ρ (R). Call these discs D 3 and D 4 . Figure 3 shows this schematically. The sphere A ∪ D 3 ∪ D 4 bounds a 3-ball in M with interior disjoint from B p . Thus there is an isotopy that pushes σ y out of this 3-ball and reduces |σ y ∩ R|. Repeating this for any other points of σ y ∩ R, we may arrange that σ y first meets R when it begins to coincide with ρ. The same is then true of ρ ′ .
Remark 2.11. A shorter, but less instructive, proof can be given using Lemma 2.9 and Remark 2.7.
Remark 2.12. Now that we know when two arcs give the same surface, to describe a surface we only need to find some suitable arc.
Adjacency of surfaces
We now have a good idea of when two taut Seifert surfaces in M p are distinct. When are they adjacent in the Kakimizu complex? Recall that we have already Lemma 2.13. Let R, R ′ be taut Seifert surfaces for L, and let ρ be a simple closed curve based at p.
Lemma 2.14. Let R be a taut Seifert surface for L, and let ρ be a simple closed curve based at p that meets R once. Then
Proof. Since ρ cannot be made disjoint from R, the two vertices are distinct. Take a copy R ′ of R. If ρ crosses R in the positive direction, push R ′ off R in the positive direction. If instead ρ crosses R in the negative direction, push R ′ off R in the negative direction. Now R and φ ρ (R ′ ) are tight. Let ρ be a simple closed loop that begins at p, runs through T to near ∂R a , runs once around L just above a meridian curve on ∂N (L) in the direction that takes it through R ′ b before R a , and then returns to p through T . Then
Corollary 2.16. Let R be a taut Seifert surface for L, and ρ, ρ ′ two simple closed curves based at p. 
. Lemma 2.10 gives a simple closed curve σ based at p and disjoint from R such that
Because σ is disjoint from R, this gives the required result. Conversely, suppose ρ ′ ·ρ −1 has been homotoped to meet R once. By Lemma 2.14, [R] and [φ ρ ′ ·ρ −1 (R)] are adjacent.
We now find a copy of MS(L) inside MS p (L). Let
It is shown in [5] that < S is well defined, that any two adjacent vertices of MS(L) are comparable, and that there are no R 1 , . . . , R k , for k ≥ 2, with •
by an isotopy fixing the boundary for i = 1, 2 such that R ′ 1 and R ′ 2 are ∂-almost disjoint and tight.
•
Let R be this set of representatives. We may position p to be disjoint from every R ∈ R, and such that the isotopies given can be performed in the complement of p. To see this, note that all the representatives coincide on ∂M = ∂N (L), and that the isotopies also fix the boundary. We can therefore find a suitable position for p close to the boundary. That is, we take p to lie in a component of M \ ( R∈R R) that meets ∂M away from ∂R * p . We now consider these surfaces to all lie in M p . They all represent distinct vertices of MS p (L), since their images under i * are distinct.
Suppose i * (R) and i * (R ′ ) are adjacent in MS(L) for some R, R ′ ∈ R. Then they can be isotoped in M p to be tight in M . This shows that they are also adjacent in MS p (L). Hence the subcomplex of MS p (L) induced by R is an embedded copy of MS(L). [4] page 180). The following result therefore shows that the inclusion
Theorem 2.22 ([4]
Chapter IV Theorem 2.1). Let G be a group, and
Corollary 2.24. There is a bijection φ :
Proof. Let R ∈ R, and let ρ, ρ ′ be simple closed curves based at p such that
Then there exists a simple closed curve σ based at p and disjoint
Thus φ is well-defined. Now let R, R ′ ∈ R and let ρ, ρ ′ be simple closed curves based at p, such that
. By Lemma 2.5 there exists a simple closed path ρ based at
Hence φ is surjective.
Remark 2.25. Let R ∈ R. Then any element of π 1 (M \ R, p) has linking number 0 with L. Therefore the map lk : π 1 (M, p) → Z descends to a welldefined surjection from X R to Z.
. Then R, R ′ can be isotoped so they are disjoint and tight. Suppose there are components R a of R and R ′ b of R ′ that can be made to coincide, so there is a product region between these components. The side of R on which this product region lies is determined by the choice of
Lemma 2.27. Let R + be a union of disjoint taut Seifert surfaces for L. Let R Proposition 2.28. Let R, R ′ ∈ R such that i * (R) and i * (R ′ ) are adjacent in MS(L). Take copies R 0 of R and R ′ 0 of R ′ , and isotope them in M p to be tight keeping the boundary fixed. Let ρ, ρ ′ be simple closed curves based at p.
Proof. Let R ′′ be a copy of R of p under the isotopy taking R ′′ to R ′ 0 is disjoint from R 0 . We would like to take σ R as a replacement for ρ ′ · ρ −1 . However, it may not be possible to arrange that σ R begins at p, as it may lie in the wrong component of M \ (R 0 ∪ R ′ 0 ). On the other hand, we can arrange that σ R begins in a neighbourhood of ∂M .
Choose a second path
Remark 2.29. We can bound the number of times σ R ′ meets R 0 . More precisely, we can ensure this number is at most the number of components of R ′ 0 that σ R meets, and in particular at most the number of components of R ′ . To do this, we begin with a copy of σ R lie, either we can join these two paths together at z in the complement of R ′ 0 or we can join them by a path that runs once around a meridian of L, which will cross R 0 exactly once. Now continue along σ R is reached, the resulting path σ R ′ has the required form.
Example 2.30. For n ≥ 1, we can give an example of a link L n where we may construct surfaces R and R ′ , and a path σ R , such that σ R ′ must cross R at least n times. We form L n using copies of the knot 7 4 . This knot has two distinct taut Seifert surfaces. Once made disjoint, these together cut the knot complement into two genus 2 handlebodies. The knot fits in a natural way into such a handlebody, so we may nest another copy of 7 4 within one of them. We may repeat this until the link has n components. Put one of the two surfaces for each link component into R, and put the other into R ′ , in such a way as to ensure that R and R ′ are tight (alternatively, choose which surfaces lie in R, then choose the orientations of the link components to ensure R and R ′ are tight). Take p = σ R (1) to lie in one of the two remaining outer handlebodies, and σ R (0) in the other, with σ R running once through each component of R ′ . Then to travel from p to σ R (0) the path σ R ′ must cross every component of R. Lemma 2.32. Let R, R ′ ∈ R such that i * (R) and i * (R ′ ) are adjacent in MS(L). Take copies R 0 of R and R ′ 0 of R ′ , and isotope them to be tight keeping the boundary fixed. Let ρ be a simple closed curve based at p. Let σ R be a path disjoint from R 0 and σ R ′ a path disjoint from
Proof. Let R ′′ be a copy of R ′ 0 . Consider how the position of R ′′ changes as p moves along σ R ′ and σ R . Since σ R ′ is disjoint from R ′ 0 , moving p along σ R ′ does not change R ′′ . As σ R is disjoint from R 0 , changing R ′′ when moving p along it does not stop R 0 and R ′′ being tight. Then φ ρ (R 0 ) and φ ρ (R ′′ ) are also tight.
Connected surfaces
For the remainder of this section we will assume that every taut Seifert surface for L is connected. This is true in particular for all knots. In Proposition 2.28, using Remark 2.29, we find that M \ (R 0 ∪ R ′ 0 ) has two components and σ R ′ meets R 0 at most once. In addition, the direction in which σ R crosses R ′ 0 alternates as measured along σ R .
Corollary 2.33. Let R, R ′ ∈ R and let ρ, ρ ′ be simple closed curves based at
if and only if one of the following holds.
(1) R = R ′ and ρ ′ · ρ −1 can be homotoped to meet R exactly once.
(2) i * (R), i * (R ′ ) are adjacent in MS(L), and there exists a simple closed curve
, and after isotoping copies R 0 of R and R ′ 0 of R ′ to be tight keeping the boundary fixed there exist simple closed curves ρ ′′ and σ based at p such that 
Conversely, suppose that (2) holds. By Lemma 2.13,
. Finally, suppose that (3) holds. Let x be a point on σ between where it meets R and where it meets R ′ . Let σ R be the section of σ up to x, and σ R ′ the section after x. Applying Lemma 2.32 shows that [
Suppose ( 
Hence there is at most one such j. This means that the dimension of MS p (L) is at most one higher than the dimension of MS(L).
Conversely, let R 0 , . . . , R n ∈ R be distinct and such that i * (R 0 ), . . . , i * (R n ) are the vertices of a maximal dimensional simplex in MS(L). Without loss of generality, i * (R 0 ) ≤ i * (R 1 ) ≤ · · · ≤ i * (R n ). Let ρ be any simple closed curve based at p, and let σ be the simple closed curve based at p that runs once around the meridian of L in the positive direction (recall that we positioned p near ∂M ). Then, by Corollary 2.33, [φ ρ (R 0 )], . . . , [φ ρ (R n )], [φ σ·ρ (R n )] are all pairwise adjacent, and so are the vertices of an (n + 1)-simplex in MS p (L).
The following result is a version of Corollary 2.33 that allows us more freedom to position the surfaces of interest. We will make use of this freedom in the proof of Proposition 2.38. 
, and there exist simple closed curves ρ ′′ and σ based at p such that
, and σ meets R 0 and R ′ 0 each once in that order.
Theorem 2.37 ([4]
Chapter IV Theorem 2.6). Let G 1 , G 2 be groups,
can be isotoped in M p to be pairwise tight (keeping the boundary fixed), and
can be isotoped in M p keeping the boundary fixed so that, after the isotopy, each pair is tight.
Proof. Assume that i * (R 0 ) ≤ i * (R 1 ) ≤ i * (R 2 ) and lk(ρ 0 ) ≤ lk(ρ 1 ) ≤ lk(ρ 2 ). Since lk(ρ 0 ), lk(ρ 1 ), lk(ρ 2 ) take at most 2 values, by the symmetry in Corollary 2.36 we may also assume that lk(ρ 1 ) = lk(ρ 0 ) and either lk(ρ 2 ) = lk(ρ 0 ) or lk(ρ 2 ) = lk(ρ 0 )+1. We additionally assume that R 0 , R 1 , R 2 are already pairwise tight (with no further isotopy), and that if two of these surfaces can be made to coincide then they already coincide.
By Corollary 2.36, there exists a simple closed curve ρ 01 based at p such that
Applying the homeomorphism φ ρ01 shows that we can further reduce to the case where [φ ρ0
Let U be the section of M above R 1 , and V the section below τ ( R 0 ). Also let W = U ∩ V , and let p be the lift of p in W . Note that R 2 separates W and p lies above R 2 .
As R 1 and τ ( R 0 ) are incompressible, the maps i U : π 1 (W ) → π 1 (U ) and i V : π 1 (W ) → π 1 (V ) induced by inclusion are injective. Thus π 1 ( M ) is given by the amalgamated free product π 1 (U ), Let ρ = σ −1
Then lk(ρ 12 ) = lk(ρ) = 0, so both curves lift to closed curves in M . Let ρ 12 and ρ be the lifts of ρ 12 and ρ respectively that start at p. Proof. We will actually isotope the surfaces so that each pair is ∂-almost disjoint and tight. Once this has been achieved, isotoping the boundaries of the surfaces in a neighbourhood of ∂M will make the surfaces disjoint. Assume that i
We would like it to be the case that R 0 , . . . , R n can be isotoped in M p keeping the boundary fixed to be pairwise tight. It seems difficult to prove this directly. Instead, consider the construction of the set R. The elements of R were chosen using Proposition 2.20, the conclusions of which continue to hold if we change any R ∈ R by an isotopy in M fixing the boundary.
Since i * (R 0 ), . . . , i * (R n ) span a simplex in MS(L), by Lemma A.3 the surfaces R 0 , . . . , R n can be isotoped in M keeping the boundary fixed so that after the isotopy they are pairwise tight. We may therefore assume that this isotopy had been performed before the choice of R * 0 , . . . , R * n was fixed, giving our desired result. Note that in making this assumption we may have altered the labelling of the vertices of MS p (L), but the complex itself is unaffected. Thus the hypotheses of Theorem 2.40 still hold, although the curves ρ 0 , . . . , ρ n may have changed.
Fix R 3 Seifert surfaces for a split link
Lemma 3.1. Let S ⊂ M be a sphere. Isotope S to be in general position relative to R, so that S ∩ R consists of finitely many disjoint simple closed curves. Then each curve of S ∩ R bounds a disc in R.
Proof. We proceed by induction on |S ∩ R|. If |S ∩ R| ≥ 1, let ρ be a curve of S ∩ R that is innermost in S. Then ρ bounds a disc D 1 in S with interior disjoint from R. As R is incompressible, ρ bounds a disc
This gives two spheres S 0 , S 1 , each of which have at most |S ∩ R| − 1 curves of intersection with R.
Inductively, for i = 1, 2, every curve of S i ∩ R bounds a disc in R.
Lemma 3.2. There is a sphere
Proof. Among all spheres that separate L 2 ∪ · · · ∪ L N from L 1 , choose a sphere S 0 that has minimal intersection with R. Let V ⊂ S 3 be the 3-ball bounded by S 0 containing L 1 . We will view V as being inside S 0 . Assume that S 0 ∩ R = ∅. Let ρ be a curve of S 0 ∩ R that is innermost in S 0 . Then ρ bounds a disc D 1 in S 0 and a disc D 2 in R as in Lemma 3.1. Again choose ρ ′ and D 3 . The curve ρ
that has fewer curves of intersection with R than S 0 does. This is not the case, so L 1 does not lie in V ′ . In particular, V ′ lies outside of S 0 . Consider the component R 0 of R \ S 0 that meets D 3 along ρ ′ . As R has no closed components, R 0 has at least two boundary components. Either R 0 is properly embedded in V or one boundary component of R 0 runs along L 1 . In the former case, choose a path σ ′ in R 0 from the boundary component ρ ′ to another boundary component. Let σ be a copy of σ ′ pushed off R 0 so that it is disjoint from R, remains properly embedded in V , and has one endpoint in the interior of D 4 . In the latter case, let σ ′ be a path in R 0 from ρ ′ to L 1 . Take σ to be the path that runs immediately above σ ′ , around L 1 and then back immediately below σ ′ . In either case, σ is disjoint from R. It also has both endpoints on the inside of S 0 with exactly one of them in the interior of D 4 . Take a neighbourhood of σ in V , and let A be the annulus properly embedded in V that forms the boundary of this neighbourhood. Let D 5 be the disc that is the union of A, D 3 , and the annulus in D 4 between the two.
Compress S 0 along D 3 , and discard the component that bounds V ′ . Now compress along D 5 and discard the component that is further away from L 1 . The resulting sphere separates L 1 from L 2 ∪ · · · ∪ L N and has fewer curves of intersection with R than S 0 does. This contradicts our choice of S 0 . Hence S 0 is disjoint from R.
From this we see that R may be written as R 1 ∪ · · · ∪ R N where R i is an incompressible Seifert surface for L i . For each i, choose a sphere S i separating R i from the other R j , such that these spheres are disjoint. We can understand the possibilities for R i within S i using the results of Section 2 and the following lemma.
Lemma 3.3. Let R a and R b be incompressible Seifert surfaces for
Then R a is isotopic to R b in the complement of V . By expanding V until ∂V = S 1 , we can modify the isotopy of R a so that R a stays disjoint from S 1 throughout.
Proof. The surface T is properly embedded and separating in V 1 . By Lemma 3.1, each boundary component of T bounds a disc in R ′ . As R ′ has no closed components, not all these discs have interiors disjoint from T . Thus T is contained in a disc in R ′ . Suppose T separates L 1 in V 1 . Take a component of T ∩ S 1 that is innermost in S 1 . Capping off T with the disc in S 1 and then isotoping it slightly inside V 1 does not change the fact that T separates L 1 . Repeating this until there are no remaining components of T ∩ S 1 gives a sphere in V 1 that separates L 1 . This contradicts that L 1 is non-split.
Let σ ⊂ M be a directed framed simple path properly embedded in the outside of S 1 . Shrinking S 1 to a point turns σ into a simple closed curve, from which we can define the map φ σ as in Definition 2.4. Recall that φ σ is given by pushing one point around σ. Define an analogous map Φ σ that is given by pushing S 1 , with L 1 inside, around σ. The framing on σ controls the rotation of L 1 as S 1 is moved along σ, and so must be chosen so that L is returned to its original position.
Lemma 3.5. Changing σ within its homotopy class relative to its endpoints does not change the isotopy class of Φ σ (R) or of Φ σ (R ′ ).
Proof. Choose a product neighbourhood N (S 1 ) of S 1 . Let V a be the 3-ball inside S 1 , containing L 1 . Let V c be the component of M \ N (S 1 ) outside S 1 , and let V b be the piece of M between V a and V c . Note that R ⊂ V a ∪ V c , while R ′ ∩ V b is a finite number of disjoint annuli, each of which has a boundary component on each component of ∂V b .
First consider Φ σ (R). Since R 1 is contained in V a , it is left unchanged by Φ σ . On R 2 ∪ · · · ∪ R N , the effect of Φ σ is the same as that of φ σ ′ , where σ ′ is the simple closed curve that comes from σ if V a is collapsed to a point. Hence, as in Lemma 2.6, changing σ within its homotopy class does not change the isotopy class of Φ σ (R). Now consider Φ σ (R ′ ). Note that σ intersects V b only in a single arc at each of its endpoints. By an isotopy of R ′ we can ensure that σ is disjoint from R ′ in V b . Then Φ σ acts as the identity on R ′ ∩ ∂V c . Again, within V a the surface is not changed by Φ σ , and in V c the effect of Φ σ is the same as that of φ σ ′ .
It remains to study the effect of Φ σ on the annuli of R ′ ∩ V b . Each annulus in R ′ ∩ V b is pulled once around a neighbourhood of σ in a pattern that is similar to a Dehn twist. Figure 4 shows this schematically. It is clear that an isotopy of Figure 4 σ only changes Φ σ (R ′ ∩ V b ) by an isotopy. The arc in bold in Figure 4 denotes a disc properly embedded in V b that is disjoint from Φ σ (R ′ ). The presence of this disc shows that, as in the proof of Lemma 2.6, we can also homotope σ without changing the isotopy class of Φ σ (R ′ ). It remains only to check that changing the framing of σ leaves [Φ σ (R ′ )] unchanged. If we pick two different framings on σ, the resulting mapping classes of M will differ by a solid rotation of V a . Since both framings must return L 1 to its original position, it is sufficient to show that rotating V a through an angle of 2π about some axis does not change the mapping class Φ σ .
Express
be the isotopy of S 1 that rotates it by 2π about the given axis, and define Ψ : V b → V b by Ψ(x, t) = (ψ(x, t), t). The proof will be complete if we can show that Ψ is isotopic to the identity on V b . Let x 0 be one of the points of S k∈K N (L k ), for j ∈ J, such that σ j is properly embedded in the outside of i∈J S i with its endpoints on S j . Let R ′ Φ be the image of R ′ under j∈J Φ σj . The curves σ j can be chosen so that, after an isotopy, |R
Remark 3.7. Here j∈J Φ σj means the composition of these functions.
Proof. Choose a curve ρ 0 of R ′ ∩ S, and let D 0 be the disc in R ′ bounded by ρ 0 . Let ρ 1 be a curve of D 0 ∩ S that is innermost in D 0 , and let D 1 be the subdisc of D 0 bounded by ρ 1 .
Without loss of generality, ρ 1 lies in S 1 . Note that D 1 is disjoint from S i for i > 1. The curve ρ 1 divides S 1 into two discs. Each of these together with D 1 forms a sphere disjoint from L. By definition, each non-split component of L lies on exactly one side of each such sphere. Since D 1 cannot be isotoped across either of the 3-balls to reduce |R ′ ∩ S|, both balls must contain at least one non-split component of L. Only L 1 lies inside S 1 , so D 1 must lie outside S 1 . One of the two balls contains at most half of the other non-split components of L. Let V 1 be this ball, and let D ′ 1 be the disc of S 1 bounded by ρ 1 that is contained in
Let T be the component of R ′ \ S that meets D 1 along ρ 1 . Either T has another boundary component on S 1 or it meets L 1 . As in the proof of Lemma 3.2, there is a path σ x properly embedded inside S 1 that runs parallel to T from a point x near the boundary of D We can take the start of σ x to lie on S ′ . Let σ y be a path from y to S ′ that is disjoint from S. Let σ be the path σ x ∪ σ y . Take Φ to be a homeomorphism of S 3 \ N (L) that results from treating S ′ and everything inside it as a point and moving it once along the path σ. We require R ′ to be moved by the isotopy, but leave each sphere S i as fixed. That is, as we do the isotopy, we allow each component of L to pass through S as needed, but we do not allow it to pass through R ′ , and instead move R ′ as needed. Consider the image R Hence we now have that |R ′ Φ ∩ S| = |R ′ ∩ S| − 1. Take σ j to be the path followed by S j under the isotopy used to define Φ. We can make the σ j disjoint by a small perturbation, without changing the effect of Φ on R ′ .
Remark 3.8. In fact our proof shows that there is a fixed m / ∈ J such that we can take each σ j to be a subinterval of a simple closed curve in S 3 \ N (L m ) that is disjoint from S k for k / ∈ J ∪ {m}.
We had to make a choice as to which 3-ball to take as V 1 , and we chose that containing fewer non-split components. We could have chosen on a different basis. In particular, we could instead have arranged that we did not isotope L 1 .
Corollary 3.9. For 2 ≤ i ≤ n there is a simple arc σ i properly embedded in the outside of S i such that n i=2 Φ σi (R ′ ) can be isotoped to be disjoint from S.
Figure 5
Example 3.10. Figure 5 gives an example where it is necessary for all but one non-split component of L to be moved. Here L is the three-component unlink, and the Seifert surface R ′ is a surface of revolution about the axis shown. Figure  6 shows that it is possible that every component of R ′ meets every S i . Figure 6 3.2 The case of two non-split components Suppose N = 2. That is, suppose that L has exactly two non-split components. Then we may discard S 2 and take S = S 1 . By Proposition 3.6, R ′ can be isotoped to be disjoint from S. This means that we may define a bijection
Proof. There exists a taut Seifert surface 
Proof. Let V be a lift of M \ (R 1 ∪ R 2 ) to M , and let S be the lift of
Note that R i and R • (u ≤ v and v ≤ u) ⇒ u = v.
• If u, v are distinct, (u ≤ v or v ≤ u) ⇔ u and v are adjacent.
• If u, v, w are vertices of a 2-simplex then (u ≤ v and v ≤ w) ⇒ u ≤ w.
Definition 3.16 ([2]
Chapter II Definition 8.8). Let X 1 , X 2 be ordered simplicial complexes. We define the simplicial complex X 1 × X 2 . Its vertices are given by the set V(X 1 ) × V(X 2 ). Vertices (u 0 , v 0 ), . . . , (u n , v n ) span an n-simplex if the following hold.
• {u 0 , . . . , u n } is an m-simplex of X 1 for some m ≤ n.
• {v 0 , . . . , v n } is an m-simplex of X 2 for some m ≤ n.
• The relation defined by (u, v) 
A Making surfaces simultaneously tight
Assume L is non-split and non-fibred. We will see that surfaces in pairwise adjacent vertices of MS(L) can be made simultaneously pairwise disjoint and tight. Moreover, once this has been done the relative positions of the surfaces are essentially unique. Choose a product neighbourhood
lies on the positive side of R 1 . Let ρ : I → M be any path with ρ(0) = (x, 1) and ρ(1) = (y, −1) that is disjoint from R 1 and transverse to R 2 . Then the algebraic intersection number of ρ and R 2 is 1.
be the distinct vertices of a simplex of MS(L), and let [S] be any vertex. Then the surfaces R 0 , . . . , R n , S can be positioned such that R i , R j are disjoint and tight for i = j, and such that R i , S are almost transverse with simplified intersection for each i, except that any component of R i that is parallel to a component of S lies below that of S rather than coinciding with it.
Proof. We proceed by induction on n. The surface R 0 can be made almost transverse to S with simplified intersection. Moving any component of R 0 that coincides with one of S downwards completes the base case.
Suppose that the surfaces R 0 , . . . , R m have been positioned as required relative to each other and to S. We now position R m+1 by induction. By Lemma 2.26, R m+1 can be made disjoint from and tight relative to R 0 . Suppose R m+1 has been positioned so that it is disjoint from and tight relative to each of the surfaces R 0 , . . . , R k for some k < m. By a small isotopy make R m+1 transverse to R k+1 . Suppose R m+1 ∩ R k+1 = ∅. Temporarily delete all components of either surface that are disjoint from the other surface. Since these two surfaces can be made disjoint, by Theorem 1.7 there is a product region T 0 between them. In addition, ∂T 0 meets R m+1 ∩ R k+1 . If T 0 is disjoint from the surfaces R 0 , . . . , R k it can be used to simplify R m+1 ∩R k+1 without affecting the interaction of the other surfaces. Suppose T 0 meets R i for some i ≤ k. As R i is disjoint from R k+1 and from R m+1 , Proposition 1.6 gives that R i ∩ T 0 is parallel to the horizontal boundary of T 0 . This contradicts that ∂T 0 meets R m+1 ∩R k+1 . Thus we can make R m+1 disjoint from R k+1 .
By Lemma 2.27, R m+1 , R k+1 are tight unless components of R m+1 and R k+1 are parallel to each other. Consider a product region T 1 between two such components. If T 1 is disjoint from R 0 , . . . , R k then we can use it to switch the components of R m+1 and R k+1 if necessary as needed to make them tight. If T 1 meets a component of R i for some i ≤ k then this component is also parallel to those of R m+1 , R k+1 . In this case we must show that the component of R m+1 is already correctly positioned relative to that of R k+1 to be tight.
Let R j,0 be the component of R j in question for j = i, k + 1, m + 1. Without loss of generality, T 1 lies below R k+1,0 and above R m+1,0 . Some component R m+1,1 of R m+1 is not parallel to any component of R k+1 . Let x ∈ R m+1,1 \R k+1 and y ∈ R m+1,0 . Choose a path ρ from just above x to just below y that is disjoint from R m+1 as in Lemma A.1. Since R i , R m+1 are tight, the algebraic intersection of ρ and R i is 1. Let x 1 be the final point of ρ ∩ R i along ρ.
Suppose that ρ passes through R i in the negative direction at x 1 . Then there is a section of ρ that passes through R i exactly twice, both times in the positive direction. Since this section of ρ is disjoint from R m+1 , this contradicts that R i and R m+1 are tight. Thus ρ passes through R i in the positive direction at x 1 .
Let ρ ′ be the path that runs along ρ from x 1 to y and then continues through the product region T 1 to a point on R i,0 . Then ρ ′ has algebraic intersection 1 with R k+1 . Let x 2 be the last point of ρ ′ ∩ R k+1 along ρ ′ . Note that ρ ′ does not meet R k+1 in T 1 , so x 2 occurs before y on ρ ′ . Let ρ ′′ be the path that runs along ρ ′ from x 2 to where it meets R i in T 1 and then continues through T 1 to R k+1 . Then ρ ′′ has algebraic intersection 1 with R m+1 as they only meet at y. This shows that R m+1,0 is positioned correctly with respect to R k+1 .
This completes the induction to show that R m+1 can be positioned correctly relative to R 0 , . . . , R m , which in turn completes the induction to show that R 0 , . . . , R n can be suitably positioned relative to each other. It remains to show that S can be put into the required position.
By a small isotopy, S can be made transverse to the surfaces R 0 , . . . , R n . Suppose S does not have simplified intersection with these surfaces. Then there is a product region T 2 between S and R i for some i ≤ n. If T 2 meets S ∩ R i then isotoping S across T 2 reduces the number of intersection curves of S with R j . We may therefore remove all such product regions. It remains to consider those components of S that are parallel to components of R j . Suppose a component S 0 of S is parallel to a component R i,0 of R i . Consider all components of R j that are parallel to S 0 . If all such components lie below S 0 then S 0 is correctly positioned. Else, let T 3 be the product region between the top side of S 0 and the bottom side of the parallel component furthest above S 0 . Note that such a component is well defined as the components of R j are disjoint. By Proposition 1.6 and our previous positioning of S we see that all surfaces that meet T 3 are parallel to S 0 . Thus moving S 0 to above all parallel components does not change its simplified intersection elsewhere.
Lemma A.3. Suppose that taut Seifert surfaces R 0 , . . . , R n have been chosen with ∂R 0 = ∂R 1 = · · · = ∂R n such that, for i = j, R i and R j can be isotoped to be tight keeping their boundaries fixed. Then they can be isotoped keeping their boundaries fixed to be pairwise tight and disjoint except along their boundaries.
Proof. This can be seen by replacing Theorem 1.7 with Corollary 1.9 in the proof of Proposition A.2.
Lemma A.4. Let R, R ′ , S be as in Definition 2.17, except that any component of R or R ′ that is parallel to one of S may lie below it instead of coinciding with it, and parallel components of R, R ′ need not coincide. Suppose additionally that R, R ′ are tight. Then lifts of the complements of these surfaces can be used to decide whether R ′ < S R as in Definition 2.17.
Proof. Moving some (or even all) components of R downwards does not change the choice of lift V R of M \ R. Since R, R ′ are tight,
′ is the lift of R ′ that lies between V R ′ and τ (V R ′ ). In particular,R ′ lies within the closure of V R , as it would in Definition 2.17. This means the same lift V R ′ of M \ R ′ has been chosen. Finally, moving components of R ′ downwards does not change whether V R ′ meets V S . 
